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Abstract 


In this paper, we introduce and prove the generalizations of Radon inequality. The proofs 
in the paper unify and are simpler than those in former work. Meanwhile, we also find 
mathematical equivalences among the Bernoulli inequality, the weighted AM-GM inequality, 
the Holder inequality, the weighted power mean inequality and the Minkowski inequality. 
Finally, a series of the applications are shown in this note. 
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1. Introduction 

The well-known Bergstrom inequality (see e.g. [1, 2, 3]) says that if xy,, yy are real numbers 
and yy > 0 for all 1 < /c < n, then 
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Some generalizations of the inequality (1.1) can be found in [4, 5]. Actually, the following 
Radon inequality (1.2) is just a direct consequence: bi,b 2 , ■ ■ ■, bn are positive real numbers 
and oi, 02 ,... , ffln, are nonnegative real numbers, then 
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( 1 . 2 ) 


When m = 1, (1.2) reduces to (1.1). For more details about Radon inequality (1.2), the 
readers can refer to [ 6 , pp. 1351] and [7, 8 , 10]. In fact, it is not hard to prove that (1.1) is 
equivalent to the Cauchy-Buniakovski-Schwarz inequality (see [9, pp. 34-35, Theorem 1.6.1]) 
stated as follows: if oi,..., 0 , 1 , 61 ,..., 6 ^ are nonnegative real numbers, then 
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In [14, Theorem 1], Yang has given a generalization of Radon inequality as follows: if 
oi, 02 ,..., 0,1 are nonnegative real numbers and bi,b2, ■ ■ ■ ,bn are positive real numbers, then 
for r > 0, s > 0 and r > s -|- 1, 

j _I ^ > (01+02-1-1- CLnY 

bf (61 + 62 H-h bnY' 

The weighted power mean inequality (see [12, pp. 111-112, Theorem 10.5], [7, pp. 12-15] 
and [13] for details) is defined as follows: if xi, X 2 ,..., are nonnegative real numbers and 
pi,P 2 , ■ ■ ■ ,Pn are positive real numbers, then for r > s > 0, we have 

'pixf +P2X^ -\ - \-PnXn 
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In this paper, we give three different cheaper proofs and some applications of generalized 
Radon inequality (1.3), and then present equivalence relations between the weighted power 
mean inequality and Radon inequality. Furthermore, we summarize the equivalences among 
the weighted AM-GM inequality, the Holder inequality, the weighted power mean inequality 
and the Minkovski inequality. 


2. Main results 

In this section, we hrst give three different methods for proving the generalized Radon 
inequality (1.3). To read for convenience, the result obtained by Yang can be stated as the 
following theorem. 
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Theorem 2.1. If ai,a 2 , ■■■ ,an are nonnegative real numbers and bi,b 2 , ■ ■ ■ ,bn are positive 
real numbers, then for r > 0 , s > 0 and r > s + 1 , 
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Proof 1. By Radon inequality (1.2), we have 
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Note that r > s + 1 > 1, then — 1 > 0. Using Radon inequality again, we get that 
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According to inequalitis (2.2) and (2.3), we clearly have 

^ ^ ^ (q 1 + 02 H-h OnY 
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Therefore, the desired result (2.1) is obtained. 

Proof 2. Let the concave function / : (0,+ 00 ) — )• M be Inx. We observe that the weighted 
Jensen inequality: for qi,q 2 ,q 3 £ [0,1] with qi + q 2 + qs = 1 and positive real numbers 
xi,X 2 ,X 3 , then we have 


qifixi) + q2f{x2) + qsfixs) < f{qixi + q2X2 + q^xYj, 


and the equality holds if and only if xi = X 2 = x^. We denote 

r \ -1 

o; 




65 65 


and 


Hn{b) — (^1 + &2 + • • • + bn) 
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Consider xi = ■AUn{a),X 2 = bkHn{b),X 3 = - and qi = -,q 2 = y,g 3 = 
53 > 0 from r > s + 1 ). So we have 
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Summing up over k {k = 1,2,... , n), we obtain 
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The required inequality (2.1) follows. 

For many numerical inequalities, the induction is some times a useful method used to 
establish a given statement for all natural numbers. We now give the third proof of Theorem 
2.1 by mathematical induction. To state this proof clearly, let us start with the following 
lemma. 


Lemma 2.1. If ai,a 2 , ■ ■ ■ ,an,h\,b 2 , ■ ■ ■ ,bn are nonnegative real numbers and Ai, X 2 ,...,Xn 
are nonnegative real numbers such that Ai + A 2 + • • • + A„ = 1, then 
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Proof of lemma 2.1. According to the weighted AM-GM inequality, we have 
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Summing up these two inequalities, we have 
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k=i i^k T bk) 
which leads to the desired result (2.4) 
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Remark 2.1. A particular case bi = b 2 = ■■■ = bn = 1, Xi = X 2 = 
yields 


(1 + oi)(l + 02 ) • • • (1 + On) > 
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which is a famous inequality, called Chrystal inequality (see[7, pp. 61]), so we can view lemma 
2.1 as a generalization of Chrystal inequality. 
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Proof 3. Use induction on n. When n = 1, the result is obvious. Assume that (2.1) is true 
for n = m, that is 
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When n = m + 1, we need to prove the following inequality: 
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(by induction assumption) 
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where Rmia) = ^r-s-i^Y+-Y+bmy ’ + ^2 H-h 6 m. Thus, inequality (2.1) holds 

for n = m + 1 , so the proof of the induction step is complete. 

In the next theorem, we will prove equivalence relation between the weighted power 
mean inequality and Radon inequality, which is partly motivated by a slight observation of 
inequality (2.3). 

Theorem 2.2. The Radon inequality (1.2) is equivalent to the weighted power mean inequal¬ 
ity (1.4). 


Proof . 


By the Radon inequality (1.2) and yi,y 2 , ■ ■ ■ ,yn £ [0, + 00 ), we have 
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Let Hk = xf, for all Xk > 0 {k = 1,2,... ,n) in (2.5). Thus, we can obtain the following 
weighted power mean inequality (1.4) 

/ Pix\ +P2Xl 4- '^PnXn \ " y. ( + P 2 X 2 H- PnXn \ “ 
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Xk = ^ and r = m + l{m > 0), s = 1 in (1.4). Then, we have 
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which implies that the Radon inequality (1.2) is achieved. 


Theorem 2.3. The following inequalities are equivalent: 
(i) Bernoulli inequality, 

(a) the weighted AM-GM inequality, 

(Hi) Holder inequality, 

(iv) the weighted power mean inequality, 

(v) Minkovski inequality, 

(vi) Radon inequality. 


Proof .The equivalence between (iv) and (vi) is given in Theorem 2.2, the equivalence among 
(i), (iii) and (vi), one can find in [11] as well as (ii), (hi) and (iv) in [15], the equivalence 
between (iii) and (v) is shown in [16]. 


Corollary 2.1. // oi, 02 ,..., o^, 61,621 • • • j &n ore positive real numbers, then for m < —1, 
the following inequality holds 
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Proof . Since m < —1, thus by the inequality (1.2), we have 
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The inequality (2.6) holds. 
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Corollary 2.2. // ai, 02 ,..., a„, 6 i, 62 , • • •, are positive real numbers, then for nonpositive 
real numbers r, s such that r > s + 1 , we have 


^ ^ ^ (ai + 02 H-h OnY 

bf (61 + 62 H-h bnY ' 
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Proof . For r < 0, s < 0, the inequalities —s > —r + 1, —r > 0, —s > 0 hold. By the 
inequality ( 2 . 1 ), we obtain 
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So, the inequality (2.7) holds. 


Corollary 2.3. // oi, 02 ,..., 0 , 1 , ci, C 2 ,..., are positive real numbers, and m is real num¬ 
bers such that m > 0 or m < —1, then 

^ ^ _ I- ^ > (ai + a2 H - h an)'^''~^ 
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Proof . Consider b^ = OkCjf for all 1 < /c < n in the inequality (1.2) and (2.6). Thus, we 
obtain the inequality (2.8). 



Corollary 2.4. If a, b £ R, a < b,m > 0 or m < —l,f,g : [a,b] —>■ (0,+ 00 ) are integrable 
functions on [a,b] for any x G [a,b], then 
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It results that 


, A ^ [a{f{x),An,^k)r^ 

V {9{x)r ’ - [a(9(x),A„,6r ’ 

where a {f{x), A„, ^k) is the corresponding Riemann sum of function f{x), of A„ = (xq, xi,..., Xn) 
division and the intermediate points. By passing to limit in ineuqality above, when n tends 
to inhnity, the inequality (2.9) follows. 


Corollary 2.5. If a,b £ H, a < b,rs > 0,r > s + 1, f, g : [a,b] ^ (0,+oo) are integrable 
functions on [a,^)] for any x G [a,b], then 
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Proposition 2.1. Show that if a,b,c are the lengths of the sides of a triangle and 2S = 
a + b + c, then 
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Proof . When n = 1, the result (2.11) is Nesbitt inequahty(see [9, p. 16, example 1.4.8] or 
[12, p. 2, exercise 1.3]). For n > 2, by (2.1), we have 
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Proposition 2.2. Let oi, 02 , ■ ■ ■ ,an be positive real numbers such that ai + 02 + ■ ■ ■ + On = s 
and p ^ q + 1 ^ 1. Prove that 
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Proof . By applying the inequality (2.1), the inequality above is easily obtained. 


Proposition 2.3. Let x,y, and z be positive real numbers such that xyz = 1. Then 
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Proof . By the generalized Radon inequality (2.1), we obtain 


{l + y){l + z) (l + 2 ;)(l+x) {l + x){l + y) 

^_ {x + y + zf _ 

“ 3 ((1 + y){l + z) + (1 + z){l + x) + (1 + x)(l + y)) 

_ (x + y + z)^ 

9 + 6(x + y + z) + 3{xy + yz + zx) 

(by a general inequality 3{xy + yz + zx) < {x + y + z)'^ ) 

^ {x + y + z)^ 
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Since x + y + z > = 3, it is easy to prove that > f• Another 

proof can be found in [9, pp. 139-140]. 
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